We revisited the formalism of 11D polarized scattering equation by Geyer and Mason from the perspective of spinor frame approach and spinor moving frame formulation of the 11D ambitwistor superstring action. In particular, we rigorously obtain the equation for the spinor function on Riemann sphere from the supertwistor form of the ambitwistor superstring action and show that the expression used by Geyer and Mason to motivate their ansatz for the solution of polarized scattering equation, can be obtained after a suitable gauge fixing. To this end we use the hidden gauge symmetries of the 11D ambitwistor superstring, including SO(16), and the description of ambitwistor superstring as a dynamical system in an 11D superspace enlarged by bosonic directions parametrized by 517 tensorial central charge coordinates Z µν and Z µνρσκ . We have also found the fermionic superpartner of the polarized scattering equation. This happens to be a differential equation in fermionic variables imposed on the superamplitude, rather then just a condition on the scattering data as the bosonic polarized scattering equation is. D=10 case is also discussed stressing the similarities and differences with 11D systems. The useful formulation of 10D ambitwistor superstring considers it as a dynamical system in superspace enlarged with 126 tensorial central charge coordinates Z µνρσκ .
B. An interesting nilpotent matrix 34
Introduction
Recent years an impressive progress in calculation of scattering amplitudes of maximally supersymmetric theories was reached [1, 2, 3, 4, 5, 6, 7, 8] . It is related mainly with the use of on-shell methods, in particular of spinor helicity formalism (closely related to twistor approach [9, 10, 11] ) and its superfield generalization [12, 13, 14, 15, 16, 17, 18] which is especially simple and efficient in the case of 4 spacetime dimensions.
The development of this twisor-like formalism for the case of higher dimensional theories and its applications were discussed in [19, 20, 21, 22, 23, 24, 25, 26, 27, 28] . In particular, in [25, 27] the observation that 10D spinor helicity formalism of [20] can be understood as spinor moving frame approach to supersymmetric particles extended to the description of amplitudes 1 allowed us to develop the spinor helicity formalism for 11D supergravity and a new constrained superfield formalism for 10D SYM and 11D SUGRA amplitudes, to find the Ward identities for these amplitudes and to discuss a candidate for generalization of the BCFW recurrent relations [12] for the constrained tree superamplitudes. In [26] an alternative analytic superfield formalism for superamplitudes was proposed. It was also oriented on the use of BCFW-type recurrent relations which are still to be found in this case.
More recently an apparently different approach to 11D supergravity and 10D SYM amplitudes was proposed in [28] . It is based on the so-called polarized scattering equation, which can be considered as a kind of square root of the CHY scattering equations [35, 36] (actually present already in [37, 38, 39] ; see [40] for recent development and more references). The polarized scattering equation for 6D amplitudes was proposed in [41] while the 11D and 10D polarized scattering equations are among the beautiful findings of [28] . Its relation with ambitwistor string models [42, 43, 45, 46, 47, 48, 49, 50, 51] , the 11D version of which was considered for the first time in [45] , was discussed and especially stressed in [28] .
In this paper we revisit the 11D polarized scattering equation formalism of [28] and its ambitwistor superstring origin using the spinor frame approach. We show how the understanding of the spinor frame nature of the 11D spinor helicity formalism allows to clarify the origin of basic equations imposed in [28] and the ambitwistor superstring derivation of these equations. We show that the correct basis for this is provided by the 11D ambitwistor superstring of [45] rather then by its modification suggested in [28] . In the derivation of the basic equations the solution of which provides us with the expression for the meromorphic spinor function, which was employed to formulated the polarized scattering equation in its most suggestive form, we have used essentially the possibility to formulate the 11D ambitwistor superstring as a system in an enlarged superspace with 528 bosonic coordinates [45] as well as the SO(16) gauge symmetry of the 11D ambitwistor superstring 2 .
In the ambitwistor superstring approach the above mentioned meromorphic spinor function on Riemann sphere, which satisfy the polarized scattering equation, appears accompanied by 16 component fermionic meromorphic function. The expression for this in terms of scattering data is supersymmetric invariant after the expression for meromorphic bosonic spinor function is taken into account and thus can be considered as a superpartner of this latter. This observation suggests the existence of a fermionic superpartner of the polarized scattering equations. We show that such a superpartner (spolarized scattering equation) does exist but is a differential equation satisfied by 11D superamplitudes rather than a condition on scattering data (as the bosonic polarized scattering equation is itself).
We also consider 10D polarized scattering equation formalism and its ambitwistor superstring origin especially stressing the stages where the difference with 11D case occur.
We begin in sec. 2 by reviewing the spinor frame description of the 11D spinor helicity formalism [26] . In sec. 3, after reviewing the scattering equation [35] (sec. 3.1), we revisit the 11D polarized scattering equation of [28] with the use of the spinor frame version of the spinor helicity formalism [25, 26, 27] . In sec. 4 we reconsider from this perspective the supersymmetry generator and supersymmetric amplitude proposed in [28] . In Sec. 5 we turn to the ambitwistor superstring origin of the solution of the polarized scattering equation. We begin there by briefly reviewing the standard Green-Schwarz/Brink-Schwarz like formulation of the ambitwistor superstring and its reformulation in term of constrained supertwistor (µ α q , λ αq , η q ). We show that the fact that 11D ambitwistor superstring of [45] can be formulated as a dynamical system in an enlarged superspace can be used to relax the second class constraints restricting µ α q . Then, introducing the first class constraints generating SO(16) gauge symmetry in the supertwistor form of the ambitwistor superstring action, we can consider the supertwistor component µ α q as unconstrained variable. The variation of this first order action with respect to µ α q (σ) becomes straightforward and are used to obtain the dynamical equation for highly constrained bosonic fields, the spinor functions λ αq (σ). The solution of these equations provides us with the SO(16) gauge covariant generalization of the meromorphic spinor functions used as an ansatz for the solution of the polarized scattering equation in [28] .
In sec. 6 we find the fermionic superpartner of the polarized scattering equation which is a differential equation imposed on superamplitudes. Finally, in sec. 7 we describe briefly the D=10 spinor helicity formalism, polarized scattering equation and ambitwistor superstring origin of this, especially stressing the points where the 10D case differs from 11D one. We conclude in Sec. 8. Some useful equations of the spinor frame formalism can be found in the Appendices.
Our notation are that of [25, 27] and [26] , up to the use of underlined Greek symbols from the beginning/middle of the alphabet for the 11D Majorana spinors/vectors and underlined Latin indices from the SO(9) vector (I, J, ...) and spinor indices (q, p, ...). In some places q, p, ... are also considered to be SO(16) vector indices which is related to the hidden SO(16) symmetry of 11D superparticle (see [52] and refs. therein).
2.
Spinor frame approach to the 11D spinor helicity formalism
Scattering data in D=11
Light-like momentum k µi of a massless particle (consider it to be i-th particle of a scattering process),
is expressed in terms of helicity spinors by
Here µ, ν = 0, 1, ..., 10 , α, β = 1, ..., 32 , q, p = 1, ..., 16
and we have used the contractions of the 11D Dirac matrices with charge conjugation matrix and its inverse, Γ µαβ := Γ µα γ C γβ andΓ µ αβ := C αγ Γ µγ β , which are real, symmetric and obey
Eqs. (2.2) also describe the essential constraints obeyed by the helicity spinors λ αq (denoted by κ aα in [28] ) which can be solved by expressing them in terms of spinor frame variables (spinor harmonics) 3
by [25] 
To clarify this statement, we have to introduce a vector frame described by SO ↑ (1, 10) valued matrix
and to adapt it to our light-like momentum k µi by assuming that one of its light-like vectors, say u = µi = u 0 µi − u 10 µi , is proportional to k µi (see [52, 27] and refs. therein, in particular [57, 58] )
The spinor frame variables v − αqi can be considered as a kind of square root of the light-like frame vector u = µ in the sense that the following constraints hold
This implies (2.2) after (2.7) and (2.5) are taken into account. See Appendix A (particularly Eqs. (A.1)-(A.3)) for the complete set of relations between vector and spinor frame variables, (2.6) and (2.4) . The possibility of using these and some other well known properties of spinorial harmonics makes the understanding of spinor frame nature of the helicity spinors very useful for the work of [25, 26, 27] as well as for our study in this paper. Of course, Eq. (2.5) describes the real Majorana helicity spinors for the case of momentum with positive energy, k 0 > 0, in which case also ρ # i > 0 and ρ # i is well defined. When describing the scattering processes one usually arrange to consider all the particles as, say outcoming, and assign a momentum with negative energy to incoming particles. Then, if j-th particle is incoming, ρ # j < 0 and one can write λ αqj = |ρ # j |v − αqj for real λ αqj and introduce the minus sign in the right hand sides of Eqs. (2.2). Alternatively, one can maintain these equations and (2.5) as they are also for incoming particles with ρ # i < 0, so that ρ # i = i ρ # i and λ αqj are just imaginary. We prefer this latter way of proceeding.
The helicity spinors (2.5) also carry the information about polarizations of the particles, but to make it transparent we need to supply their space by an additional complex structure (see [26] for the discussion). This can be encoded in the complex polarization vector. Polarization 11-vector U µi of i-th particle (denoted by e µ in [28] ) obeys
and can be decomposed on the spacelike vectors of the moving frame (2.6) associated to the momentum by (2.7):
Using the constraint obeyed by vector and spinor frame variables (see [26, 27] and refs therein as well as (A.1)-(A.3) in Appendix A) we find that
As it was discussed in [26] , the (complex null) polarization nine-vector U I in (2.10) can be related by
to the complex 16 × 8 matrices obeying 'purity conditions' (in terminology of [28] ) w qAwqB = 0 , A, B = 1, ..., 8 (2.13) (for shortness, here and below we omit the index i enumerated scattering particles when this cannot lead to a confusion). Actually,w qA are internal frame variables [26] or SO(9)/SO(7) × SO(2) harmonics (in the sense of [53] , see [26] and refs therein). This is to say they are 8 complex linear combinations of columns of an SO(9) valued matrix, schematically
the set of which includes (2.13), as well as (2.12) and a few similar relations with other vectors of SO(9) vector frame which can be found in [26] and in Appendix A.2 4 . As in [26] , it will be convenient to introduce the set of complex spinor harmonics (complex spinor frame variables) composed of the real spinor frame variables (2.4), and internal harmonics (2.14) 
With this notation, Eqs. (2.11), (2.12) imply
Below we find convenient to use the SO(1, 1) invariant complex helicity spinors
α so that the second equation in (2.2) can be written in an equivalent form The first equations in (2.22) and (2.23) together with simple counting arguments imply that λ αAi (or v − αAi ) provide a basis for the common kernel space of k / αβi and U / αβi
Then the second equations in and (2.23) and (2.22) indicate that the set of constrained spinors λ A αi complete λ αAi till the basis of the space of solutions of the massless Dirac equation, while the matrixŨ / αβ maps these into λ αAi ,
This allows us to state that λ A αi provide the basis of the complementary to the space of common zero modes of k / αβi and U / αβi in the space of the solutions of 11D massless Dirac equations.
With Eqs. (2.18) we also find
(2.28)
One can recognize in (2.27) and (2.28) the relations from (2.5) of [28] . Our spinor frame approach is very efficient in derivation of such type relations. Notice that the indices of, say, λ αAi and v − αAi are transformed by the rigid Spin(1, 10) group, common for all values of i, and by Spin(7) i transformations, specific for each of the scattered particles. The internal harmonicsw qAi are transformed by Spin(9) i ⊗ Spin(7) i , where Spin(9) i is also specific for i-th particle.
Polarized scattering equation of 11D supergravity

Scattering equations
Scattering equations [37, 38, 35, 36] establishing the relation between scattered particles and points σ i on Riemann sphere read n j=1
In this subsection we omit underlining of 11D indices to stress that the equations are valued for arbitrary D.
As in [28] (see also refs. therein) we can introduce the meromorphic D-vector function
and to write the scattering equation (3.1) in the form
Notice that, while P µ (σ i ) diverges, its contraction with k µ i is well defined (if no one of σ j =i coincide with σ i , as usually assumed) due to the mass-shell conditions (2.1).
One can also write the scattering equation (3.1) as equation on the meromorphic vector function (3.2) only:
This equation actually implies (see e.g. [28] and refs. therein) the light-likeness of the meromorphic D-vector function (3.2),
for any σ. Thus we consider (3.5) with (3.2) as the third equivalent form of the scattering equation. The constraint (3.5) can be generated from the so-called ambitwistor string action [42] and Eq. (3.2) can be obtained from the deformation of this action obtained by incorporating the contribution of the suitable vertex operators to the path integral measure. Below we will describe 11D supersymmetric generalization of the ambitwistor superstring action proposed in [45] (see [59, 60] for earlier discussion in the context of twistor string). In [28] a modified version of this action is discussed; this paper gives the arguments in favour of the original action.
Constrained spinor function on Riemann sphere
Eq. (3.5) suggests the existence of a meromorphic function carrying 11D spinor index which plays the role of square root of the above meromorphic vector function in the same sence as helicity spinors can be associated with square roots of the light-like momentum, (2.2),
Furthermore, then it is convenient to introduce a spinor frame field v − αq (σ) [45] and a (purely gauge or Stückelberg) density ρ # (σ) and to use this to write the general solution of the constraints (3.6) in the form
Indeed, substituting (3.7) into (3.6) we find
which describe the essential constraints on the spinor frame functions and their relation with the meromorphic vector function,
Notice that the algebraic relations between spinor functions, spinor frame field and the meromorphic vector function obeying (3.5) are the same as (2.2), (2.7), (2.8) relating the helicity spinors, spinor frame and light-like momentum of i-th scattered particle. This is why we use essentially the same symbols in both cases (distinguishing them by indicating explicitly the dependence on σ in the case of functions and putting the index i in the case of variables corresponding to i-th scattered particle).
The presence of SO(16) valued matrix field S(σ) ∈ SO(16) (SS T = I) in (3.7) reflects the invariance of (3.6) under the SO(16) gauge transformations. One might wonder why we have not introduced such a matrix in the relation (2.5) between polarization spinors corresponding to i-th of scattering particles and the i-th spinor frame. The reason is that the helicity spinors should also carry the information about particle polarizations. This is encoded in the polarization vector which is represented by complex SO(9) vector with vanishing square. Its relation with the complex helicity spinors described by Eq. (2.22) requires the identification of the 16 component index q of the real helicity spinor as SO(9) spinor index thus breaking SO(16) symmetry of Eqs. (2.2) down to SO(9) and prohibiting the inclusion of SO(16) matrix in the common solution (2.5) of (2.2) and (2.22) . In contrast, the spinorial functions should obey, at present stage, only the constraints (3.6) which are invariant under SO(16) gauge symmetry, so that its general solution is given by (3.7).
The meromorphic spinor function λ αq (σ) which would correspond to the vector meromorphic function of Eq. (3.2) in the sense of Eqs. (3.6) should have the structure similar to (3.2), but with the use of helicity spinors (or spinor frame variables) related to light-like momenta by (2.21) instead of the momenta itself. The expression of such a type was proposed in [28] . However, the moving frame treatment of the 11D helicity spinors makes manifest that this was the gauge fixing description.
The complete gauge covariant form of such relation reads
where the function W A qi (σ) has no poles and obeys the 'purity' conditions
This is necessary to obey the constraint (3.6) with meromorphic 11-vector (3.2). Indeed, taking into account (3.10), (3.2) and (2.21), we can write Eq. (3.6) in the form
When all σ i 's are different, the r.h.s. of this equation has first order poles at σ = σ i with residues
In contrast, the l.h.s generically has second order poles. These vanish if we require W A qi (σ) to obey the 'purity' conditions (3.11) . Notice that the r.h.s. of Eq. (3.10) is clearly complex, as meromorphic function should be, so that our spinor functions λ αq (σ) are not real. Such a complexification is characteristic for the ambitwistor string and CHY scattering equation approaches, as well as e.g. for the pure spinor description of quantum 10D superstrings [67, 68, 69, 70] . Already the form of the vector function (3.2) indicates that it is complex and hance complex are its square roots in the sense of (3.6) and (3.8) . Thus also the spinor moving frame field v − αqi (σ), moving frame field u = µ (σ) and density ρ # (σ) in (3.7), (3.8) and (3.9) are complexification of the functions used e.g. in [52] and [59] . The matrix S in (3.7) should be also considered as complex so that, strictly speaking, it takes values in SO(16, C). As far as the counting of degrees of freedom is concerned, the usual strategy in the models with complexified variables is to substitute reality by analyticity, i.e. to allow for the dependence on, say, complex λ αq (σ) but not on its complex conjugate.
Preliminaries on SO(16) gauge symmetry, its naturalness and Stückelberg realization
The appearance of the matrix functions W A qi (σ) and not just constant matrix in the r.h.s of (3.10) is necessary to make equations gauge invariant. To motivate the requirement of gauge invariance we can turn to the ambitwistor superstring origin of the spinorial function λ αq (σ) providing the square root of the meromorphic vector function (3.2) in the sense of (3.6).
Even in the case if the relations of constrained spinor functions λ αq (σ) with spinor frame field in (3.7) were not including the SO(16) matrix field and were just λ αq (σ) = ρ # (σ)v − αq (σ) (the counterpart of this situation we will observe in 10D case), the r.h.s. of (3.10) should include the matrix field anyway. This is because the spinor frame field v − αq (σ) suitable for the description of 11D ambitwistor string (and tensionless superstring) is defined up to SO(9) gauge symmetry transformations with σ-dependent parameters which should act also on W A qi (σ) to leave Eq. (3.10) gauge invariant.
In D=11 the relation of the spinor function and spinor frame functions (3.7) includes SO(16) valued matrix S ∈ SO (16) , so that the reference on defining gauge symmetry of spinor moving frame field is not valid and the arguments should be different. A way which is more straightforward, although probably not so convincing by itself, consists in just stating that the matrix field S(σ) should not carry additional degrees of freedom which can be provided by imposing the requirement of SO(16) gauge symmetry acting on λ αq (σ) as
and leaving invariant (3.7). The real argument in favour of this requirement is that, as we will see below, SO(16) is also a gauge symmetry of the 11D ambitwistor superstring action in its supertwistor form.
To leave invariant Eq. (3.10), this gauge symmetry should also act on the matrix function W A qi (σ),
Thus the requirement of SO(16) gauge covariance do not allow us to write a constant matrix W A qi in the r.h.s of Eq. (3.10), as it was written in its counterpart presented in [28] . On the other hand, as we are going to show, after imposing on W A qi (σ) some additional conditions, one can fix a gauge with respect to the SO(16) gauge symmetry in which W A qi (σ) for a given i coincides with some W A qi . This implies
Furthermore, in sec. 5.2 we will derive Eq. (3.10) from ambitwistor string model and show that the stronger version of Eq. (3.15), which includes the same SO(16) valued matrix field O ipq (σ) =Õ pq (σ) for all values of i, holds:
This makes manifest the existence of the gauge in which the expression similar to the one proposed in [28] appears 6 . On the other hand, (3.16) implies that the SO (16) is realized as a Stückelberg gauge symmetry. The reason for this will be clarified below. What happens is that, while the SO(16) is a true gauge symmetry of the ambitwistor superstring action, which is originally hidden but can be made manifest in its supertwistor formulation, it is broken by the vortex operator of physical states. To preserve it in the ambitwistor superstring action deformed by a term accounting for the contribution of the vertex operator to the path integral, SO(16) valued Stückelberg field O pq (σ) ∈ SO(16) must be introduced.
Polarized scattering equation.
Now let us observe that the residues of the poles of l.h.s. and r.h.s. of Eq. (3.12) coincide if the spinor frames and polarization data associated to the scattered particles are related by the condition
Using (3.10) we can write this equation in a bit more compact equivalent form
This relation basically coincides with the one first introduced in [28] and called there 11D polarized scattering equation. Our study revealed the moving frame nature of both the constrained spinors and constrained spinor functions involved in it. Furthermore, the difference with [28] is that the r.h.s of our version of the polarized scattering equation include a value of a(n analytic) matrix function (3.16) 
The reason for this is that in such a way we make the polarized scattering equation invariant under the SO(16) gauge symmetry characteristic, as we will see below, for ambitwistor superstring. Furthermore, just our SO(16) covariant version of the expression for the meromorphic spinor function (3.10) can be obtained naturally from the ambitwistor superstring action deformed by an appropriate vertex operator contribution.
Eq. (3.18) also can (or rather must) be called polarized scattering equation. This is a 'polarized' counterpart of the scattering equation (3.1) 
Thus the presence of constant matrices W A qi in (3.18) does not contradict the statement of SO(16) gauge invariance of the polarized scattering equation (3.19) .
It is not difficult to observe that j = i contribution to the l.h.s. of Eq. (3.18), which might produce a singularity, vanishes due to the 'purity' conditions (3.11) , so that an equivalent form of this equation is
The polarized scattering equation is expected to be a condition on the scattering data: momenta and polarizations of the scattered particle. Then W A qi entering (3.21) should describe the data related to i-th of the scattered particle. This suggests to identify it with the internal frame matrix variable w A qi (2.14)
We however, restrain ourselves from fixing this identification rigidly at this stage of development of the formalism and, keeping in mind (3.22) , keep below a separate notation W A qi for the matrix entering the scattering equation.
Resuming, the polarized scattering equation (3.18) guarantees that λ αq (σ) of (3.10) obeys 
Supersymmetry generator and supersymmetric invariant amplitudes
The supersymmetry generator can be realized as a differential operator in superspace with 11D Majorana spinor fermionic coordinate θ α as well as in the real analytic superspace with 16 component Majorana spinor [25, 27] and refs. therein). To this end the introduction of spinor frame variables v − αq (2.4) is necessary. Furthermore, introducing also the internal frame variables (2.14) parametrizing the coset SO(9)/(SO(7) × SO (2)), one can construct a complex 8-component fermionic coordinates [26] ) and realize the supersymmetry generator as
We refer to [26] and refs. therein for more details. It is not difficult to check that (4.2) obey the superalgebra
This is the standard 11D supersymmetry algebra with the translation generator realized as 11D light-like momentum (2.7). Such a representation of the supersymmetry algebra was used in [28] so that our discussion here just clarifies the meaning of the bosonic and fermionic variables used there and their relation with the ones used in [25, 26, 27] .
For the scattering problem the complete supersymmetry generator is given by the sum of 'partial' supersymmetry generators acting on the fermionic variables associated to different particles
It is nilpotent: {Q α , Q β } = 0 due to the momentum conservation.
Below we find convenient to use also the SO(1, 1) invariant fermionic variables
which is the supersymmetry partner of the complex helicity spinor
In terms of these and the helicity spinor variables the supersymmetry generator has the form of
The supersymmetric invariant e F found in [28] Q α e F = 0 (4.7)
is the exponent of
The proof of the supersymmetric invariance of e F (4.7) passes through (cf. [28] , see (4.6))
Here the derivation of the first equality is straightforward, to pass to the second line we have used (3.20) (which is equivalent to (3.16)), to arrive at the third line we have used the expression (3.10) for the meromorphic spinor function and the fourth line is derived with the use of the polarized scattering equation (3.19) .
The factor e F determines the fermionic contribution to the superamplitude or S-matrix element. In [28] it was proposed that this is given essentially by CHY expression [35] with the factor e F involved into the integrand,
(4.10)
In this expression
is independent on choice of j, k, l,
and
where det M ij ij is the determinant of 2(n − 1) × 2(n − 1) matrix M ij ij obtained from (4.12) by removing rows i, j and columns i, j. Again, this latter is independent on choice of i and j [35] .
Polarized scattering equation and spinor moving frame formulation of ambitwistor superstring in D=11
The Green-Schwarz (or Brink-Schwarz) formulation of the ambitwistor superstring action is reached by considering the Brink-Schwarz superparticle Lagrangian, allowing in it all the fields to be dependent on two worldsheet coordinates, replacing the proper time derivatives d/dτ with holomorphic partial derivatives∂, and integrate it over the two dimensional worldsheet [45] . In such a way we arrive at
where P µ (σ) is a vector density playing the role of the momentum conjugate to the bosonic coordinate function X µ (σ), θ α (σ) are fermionic 32-component Majorana spinor coordinate functions, ∂θΓ µ θ =∂θ α Γ µ αβ θ β , and e(σ) is a Lagrange multiplier producing the constraint (3.5). Solving this constraint with the use of spinor frame fields related to P µ (σ) by (3.8), or (3.6) and (3.7), we arrive at the action of the spinor moving frame formulation of the 11D ambitwistor string [45] .
This action can be written in an equivalent form [45] 
with an arbitrary symmetric spin tensor bosonic coordinate functions
The properties of the spinor frame variables/helicity spinors concentrated in (3.8)/(3.6) guarantee that the arbitrary variation of the Z µν (σ) and Z µ 1 ...µ 5 (σ) do not change the action (see [61] for the discussion in the context of massless superparticle model). This is the statement of gauge symmetry which can be fixed just by setting Z µν (σ) = 0 and Z µ 1 ...µ 5 (σ) = 0 thus reducing (5.3) to
Just this gauge fixed form of the action (5.2), with (5.4) , is related to (5.1) by the procedure described above. However, as we will see in a moment, it is sometimes convenient to treat the ambitwistor superstring as a dynamical system in the enlarged superspace Σ (528|32) with 528 bosonic coordinates (X µ , Z µν , Z µ 1 ...µ 5 ) and 32 fermionic coordinates θ α .
Supertwistor formulation of the 11D ambitwistor superstring
The action (5.2) can be written as
(see (3.7)) and 
is realized on our constrained supertwistor by
Eq. (5.7) with (5.4) provides, together with (5.8), the general solution of a bigger set of constraints including, besides (5.9), the set of 135 constraints
From the perspective of the system in enlarged superspace Σ (528|32) , these are gauge fixing conditions for a gauge symmetry which will be described below. Thus, keeping in mind the generic form of spin-tensorial coordinate in (5.7) we can describe the 11D ambitwistor superstring by the action (5.5) with variables restricted by the constraints (5.9) and (3.6) 7 .
Furthermore, we can introduce the constraint (5.9) with Lagrange multiplier into the action, 
The action (5.5) is also invariant under the following gauge symmetry transformations This gauge is not preserved by supersymmetry transformations (5.10) along so that to reach the simple transformation of supertwistor (5.11) and to preserve the gauge (5.17) one needs to supplement (5.10) by the gauge transformations of the supertwistor (5.16). Of course, the fields λ αq (σ) are constrained by algebraic relation which follows from their expression in terms of spinor moving frame variables (5.6) (these are actually collected in (3.6), see footnote 7). However, the fact that µ α q (σ) in the action (5.13) can be treated as unconsrained will be very useful in our discussion below.
11D ambitwistor superstring and polarized scattering equation
In the spinor frame formalism the SO(16) gauge invariant generalization of the vortex operator proposed in [28] reads
where W denotes a possible additional worldsheet operator depending on polarization data the explicit form of which will not be essential for our discussion (see [28] for further references describing its explicit form). Besides this, the vertex operator (5.18) is expressed in terms of fermionic and spinorial bosonic functions describing the ambitwistor string, η q (σ) and µ α q (σ), λ αq (σ) (the latter entering δ(k i · P (σ i )) where P µ (σ) is assumed to be taken from (3.6)), and the scattering data of i-th particle. These latter are described by λ αAi , which also defines k i through (2.2), fermionic η Ai = ρ # i η − Ai and bosonic matrix function W A qi (σ). Despite of the entrance of this latter into the set of scattering data, we consider it as a function of σ i to do not break explicitly the local SO(16) symmetry characteristic for the ambitwistor superstring action (5.13). On the other hand, the entrance of W A qi (σ i ) into the set of scattering data suggests its identification with a constant matrices W A qi up to the universal (i-independent) local SO(16) transformations, as described by (3.16 
and thus describes an SO(16) valued matrix field. Thus in the presence of vertex operators the SO(16) symmetry is realized by Stückelberg mechanism.
The simplest calculations of the path integral with vertex operator insertions can be done by searching for the saddle point of the exponent of the action multiplied by the exponential factors from vertex operators. This is to say, the main contribution to the path integral will come from the extrema of the action with the source terms coming from vertex operator. The essential for our purposes part of such an effective action reads
It is invariant under the SO(16) gauge symmetry and contains W A qi (σ) which obeys (3.11) and is assumed to be of the form (3.16); moreover the fact that W A qi (σ) describes the scattering data suggests a more specific expresion (5.19) . Clearly, no independent equation can be obtained by varying this Stückelberg field.
Equations of motion which follow from the variation of the action (5.22) with respect to the unconstrained bosonic and fermionic fields, µ α q (σ) and η q (σ), have the form 
where we have assumed that
is independent on σ i . This assumption is equivalent to (3.16); we also keep in mind the identification (7.30) of this constant matrix with the internal harmonics providing the square root of (the conjugate to) the polarization vector (2.12),Ū / qpi :=Ū
In (5.29)Õ pq (σ) is SO(16) valued matrix field trivializing the connection given by the Lagrange multiplier in the action (5.13),Ā pq = Õ −1∂Õ pq .
(5.30)
Clearly, this matrix field corresponds to the gauge transformation which is used to fix the gauge (5.26) . The solutions of the equations (5.27) and (5.28) are given by
These equations, which essentially coincide with ones presented in [28] , are invariant under the rigid SO(16) symmetry only. The solution of the gauge covariant equations (5.23) and (5.24) can be obtained by performing the local SO(16) transformations of (5.31) and (5.32) with matricesÕ pq (σ) related to the antiholomorphic component of the gauge field by (5.30) . This solution reads If accepting the identification (3.22) , which implies (5.19) , then substituting this into (5.33) and (5.34) and using (2.12) we obtain the expression for the bosonic spinor and fermionic functions in terms of real helicity spinors and polarization vectors
with the sameÕ pq (σ) as in (5.19) .
The polarized scattering equation (3.18) should be imposed on the scattering date thus producing its equivalent form (3.19) when the solution (5.33) of the ambitwistor string equations of motion is taken into account.
The first of two equations which we have obtained from the ambitwistor superstring action, Eq. (5.33), coincides with the SO(16) covariant ansatz (3.10) for the solution of the polarized scattering equation (3.19) which generalizes the ansatz of [28] . The second equation, (5.34) , provides the fermionic superpartner of (5.33).
Indeed, taking into account (4.5) and (5.11) , one can check that the supersymmetry variation of Eq. (5.34) is proportional to Eq. (5.33),
and hence vanishes due to this equation. As a result the system of equations (5.33) and (5.34) is supersymmetric invariant.
Fermionic superpartner of the polarized scattering equation
Thus, interestingly enough, in the ambitwistor superstring approach the meromorphic spinor function (5.31) appears accompanied by its fermionic superpartner (5.32) . This makes tempting to search also for the fermionic superpartner of the polarized scattering equation. Just formally, the structure of the bosonic polarized scattering equation considered together with the knowledge on the origin of the complex fermionic variables η A = η qwqA = θ α λ αqwqA (see [26] ) suggests to propose on this rôle
so that Eq. (6.1) is supersymmetric invariant if the polarized scattering equation (3.19) holds. However, literally (6.1) does not feet in the polarized scattering equation formalism as far as in it the fermionic variables of i-th particle are described by complex η iA while its complex conjugate η A i should be realized as differential operator (see the expression for supersymmetry generators in sec. 4 and [26] for more details). Then, schematically, the proposed fermionic superpartner of the polarized scattering equation should read
and might be realizable as an equation imposed on the superamplitude (the value of the coefficient in the r.h.s. will become clear in no time). This is indeed the case. Taking into account the expression for the fermionic meromorphic function (5.34), we can easily find that F from (4.8) satisfies ∂ ∂η iA
We can use (5.34) to write (6.3) in an equivalent form 
Such a form is convenient to search for the equation obeyed by the tree amplitude of 11D supergravity: it is not difficult to check that (4.10) satisfies 
Thus we have found the superpartner of the polarized scattering equation (3.19 ) (in its from of (3.18)). It happens to be an equation imposed on the supergravity amplitude, Eq. (6.4).
Spinor helicity formalism, polarized scattering equations and ambitwistor superstring in D=10
In this section we will describe the spinor frame approach to 10D polarized scattering equations and its ambitwistor superstring origin. The similarity with 11D case will allow us to be brief; we will especially notice the stages where the difference between 10D and 11D cases appear.
Spinor frame approach to 10D spinor helicity formalism I. Real helicity spinors
Ten dimensional Lorentz harmonics v + αq , v − αq were introduced in [62, 63] and used to construct the spinor moving frame formulation of 10D Green-Schwarz superstring in [64] and superembedding approach in [65] (see [66] for a nice review). They are rectangular 16 × 8 blocks of the 16 × 16 spinor frame matrix As there is no charge conjugation matrix in 10D Majorana-Weyl spinor representation, there is no Lorentz covariant manner to rise and to lower Spin (1, 9) indices. The position of spinor index of a field carries the physical information on its chirality. In our case this fact implies that it is impossible to construct (in a Lorentz covariant manner) the elements of the inverse of the spinor moving frame matrix
from the above moving frame variables (7.1) (cf. 11D case in (A.6)). Hence we have to introduce them as independent variable and subject to the constraints 8 v +α
is also valid as a consequence of (7.3). Both the spinor frame and inverse spinor frame variables (spinor harmonics) can be considered as square roots of the same vector frame variables (vector harmonics) defined as elements of the SO (1, 9) valued matrix
In particular both v αq − and v −α q can be considered as square roots of the same light-like vector u = µ of the associated vector frame in the sense of
Here σ a αβ andσ a αβ are 10D generalized Pauli matrices which obey
Relations (7.5) and (7.6) also contain all the essential constraints obeyed by the spinor frame variables with negative SO(1, 1) weight, v αq − and v −α q . More details on 10D spinor frame variables suitable for the description of massless superparticle can be found e.g. in [26, 27] and in Appendix C.
Adapting the vector frame to the light-like momentum k µ by orienting in its direction one of the light-like vectors of the frame, say u = µ ,
we can then relate this k µ to left-and to right-handed helicity spinors
by k µ σ µ αβ = 2λ αq λ βq , λ qσµ λ p = k µ δ qp , (7.10)
We can reverse the line of arguing and define the helicity spinors by Eqs. (7.10) and (7.11) . Then for instance, λ α pi λ αqi = 0 (7.12)
follows from the light-likeness of the momentum, k µi k µ i = 0 and the general solution of (7.10) and (7.11) can be written in the form of (7.9).
Spinor frame approach to 10D spinor helicity formalism II. Internal frame and complex helicity spinors
The state of a scattered vector particle can be characterized by the momentum and a complex polarization vector U µi which obeys
As in 11D case we can decompose this on the spacelike vectors of the moving frame (7.4)
The coefficient U I i is a complex null SO(8) vector the presence of which breaks little group of the D=10 massless particle SO(8) down to tiny group SU (4) (more precisely, to SO(2) ⊗ SO(6) = U (1) ⊗ SU (4); see [20] and [27] for more discussion). This null vector can be considered as a part of internal SO(8) vector frame and factorized as follows
in terms of the elements of associated s-spinor and c-spinor frames [26] w
These can be used also to form the complex helicity spinors while only a half of them are in the kernel of the matrices constructed from the polarization vectorŨ The other constraints on the complex spinors following from (7.10) and (7.11) read
These indicate, in particular, that both the left chiral and right chiral complex helicity spinors are pure spinors (which are further constrained by a number of orthogonality and normalization conditions).
10D polarized scattering equation
The polarized scattering equations in D=10 is also doubled. The equations imposed on left-chiral and right-chiral helicity spinors corresponding to the scattered particles read Similar to 11D case, it is tempting to identify these with the blocks of the i-th internal frame matrices (7.16) ,
We restrain ourselves from fixing rigidly such an identification at the present stage of the development of the formalism keeping in mind the identification (7.30) but keeping the notation of W A qi and W Ȧ qi in the equations below. Eqs. (7.27) and (7.28) are the counterpart of the 11D polarized scattering equations in the form of (3.18). To find the 10D counterpart of the polarized scattering equation in the form of Eq. (3.19) we have to introduce two sets of constrained spinorial functions, λ αq (σ) and λ α q (σ), which obey
2λ α q (σ)λ β q (σ) =σ µαβ P µ (σ) , P µ (σ)δqṗ = λq(σ)σ µ λq(σ) , (7.32) where P µ (σ) is the meromorphic 10-vector function (3.2) . One can check that the above constraints are satisfied if: i)the spinor functions are meromorphic functions of the form
OÕ T = I 8×8 ; (7.36) ii) the polarized scattering equations (7.27) and (7.28) hold, iii) W A pi and W Ȧ qi obey (7.29); this is automatic when (7.30) holds. In terms of the meromorphic functions (7.33) and (7.34) the polrized scattering equations (7.27) and (7.28) can be written in the form of
Some comments are in order. First of all, (7.29) and (7.35) imply
Secondly, the constraints (7.31) and (7.32) can be solved by expressing the spinor fields in terms of spinor moving frame field and compensator field ρ # (σ) by
This is the place to stress that, according to (7.33) and (7.34) , λ αq (σ) and λ α q (σ) are complex so that v − αq (σ), v α− q (σ) and ρ # (σ) should be considered as complexifications of the spinor moving frame variables and densities used e.g. in [64] . We refer to the last paragraph of sec. 3.2 for the discussion on such a complexification in 11D context.
Notice that (3.7), the 11D counterpart of (7.40), contains an additional SO(16) matrix. Absence of the counterpart of this in (7.40) is explained by the fact that, if included, this should be SO(8) valued matrix and the spinor frame variables which differ by SO(8) gauge transformations are considered to be identical (see [62, 63] and [26, 27] for more details). In contrast, in 11D the harmonics are identified modulo SO(9) gauge symmetry while (3.6) is invariant under a bigger SO(16) group so that SO(16) matrix enters naturally the general solution of (3.6).
10D ambitwistor superstring and polarized scattering equation
The spinor frame or twistor-like formulation of the simplest N = 1 10D ambitwistor superstring, suitable for the description of 10D SYM and N = 1 D = 10 supergravity amplitudes, can be based on the action quite similar to its 11D counterpart (5.2) 
It is written in terms of constrained bosonic spinor functions obeying (7.31), 16-component fermionic spinor field θ (α (σ) and arbitrary symmetric spin tensor bosonic field
The second form of the action (7.41), which is obtained by substituting (7.40), makes manifest the spinor moving frame nature of this twistor-like formulation of the 10D ambitwistor superstring. Again, the properties of the spinor moving frame and spinorial functions (7.40) , which are concenrated in (7.31) and (7.32) , guarantee that the arbitrary variation of Z µ 1 ...µ 5 (σ) live the action invariant. The gauge fixing condition for this local symmetry can be chosen to be Z µ 1 ...µ 5 (σ) = 0 so that X αβ (σ) = 1 16σ
αβ µ X µ (σ) . (7.43)
However, for our purposes it is more convenient to treat the 10D ambitwistor superstring as a dynamical system in the enlarged superspace Σ (136|32) with 10 + 126 = 136 bosonic coordinates (X µ , Z µ 1 ...µ 5 ) and 16 fermionic coordinates θ α . The constrained twistor form of the 10D ambitwistor superstring action and the 10D generalization of the Penrose incidence relations looks quite similar to their 11D counterparts (5.5)-(5.8): But for our purposes it is more convenient to do not fix this gauge symmetry. Then the only constraint restricting µ α q (σ) is (7.48) . Similarly to 11D case, we can included this in the action with the Lagrange multiplierĀ pq =Ā [pq] playing the role of SO(8) gauge field,
and consider the variables µ α q as unconstrained. Supersymmetry transformations leaving invariant the actions (7.41) and (7.51) are
Essentially in the same manner as in 11D case, Eq. (7.33) together with its fermionic superpartner,
with W A qi (σ) from Eq. (7.35) and η Ai = η qiwqA i , can be obtained as the solution of saddle point equations for the path integral with the measure defined by the ambitwistor superstring action (7.51) and the suitable vortex operator, What is specific for 10D is the problem of how to obtain the corresponding equation for λ α q (σ) which do not enter (explicitly) the ambitwistor superstring action,
Although it is intuitively clear that this should be the case due to that λ α q (σ) and λ αq (σ) are different form of the square root of the meromorphic ten-vector function (3.2) (in the sense of constraints (7.31) and (7.32)) the understanding of the spinor moving frame nature of both the spinorial functions and helicity spinors helps to provide a more explicit arguments in favour of this. To this end, besides the generic statement that λ α q (σ) and λ αq (σ) represent the same element of the coset space SO (1, 9) SO (8) isomorphic to S 8 ⊗ R + , one can use the fact that thier derivatives are expressed in terms of the same Cartan forms (see Appendix C.1) or a special parametrization of spinor frame variables found in [27] in which λ α q (σ) and λ αq (σ), as well as P µ (σ), are expressed in terms of the same parameter functions K =I (σ) and ρ # (σ) (see Eqs. (7.42)-(7.50) in [27] ). Then (7.54) and (7.57) provide equivalent expressions for these parameter functions.
10D supersymmetry generator and supersymmetric invariants
From (7.53) it is easy to restore the form of the N = 1 supersymmetry generator Q α which obeys the superalgebra {Q α , Q β } = 4λ αq λ βq = 8λ (α|A λ A |β) . Its realization on the variables of i-th of scattered particles reads
The complete supersymmetry generator given by the sum of the partial generators
is nilpotent, {Q α , Q β } = 0, due to the momentum conservation. The supersymmetric invariant found in [28] is e F with
The superamplitudes of 10D SYM are then essentially described by Eqs. (4.10)-(4.13) where the reduced determinant det ′ is replaced by reduced Pfafian P f ′ and all the variables are considered to be ten dimensional.
The generalizations of supersymmetric invariants to type II cases is straightforward [28] . As far as the derivation of the basic equation for spinorial function is concerned, the generalization of our discussion in sec. 7.4 is straightforward for IIB case while type IIA case seems to be problematic. The issue can be seen from the Lagrangian 1-form associated to the 10D type IIA ambitwistor superstring action, λ αq λ βq dX αβ − iλ αq λ βq dθ
It is gauge equivalent to a Lagrangian form in an enlarged superspace with 10 + 126 bosonic coordinates described by an arbitrary symmetric spin-tensor X αβ = X βα . However, supersymmetry transformations living invariant such a generalization of the Lagrangian form,
are quite asymmetric and it is not clear whether it is possible to introduce a convenient supertwistor variables providing the basis of (constrained) Darboux coordinates for this Lagrangian form. Thus it seems that in type IIA case the shortcut through the enlarged superspace does not work and to obtain equation for the bosonic spinor functions one has to deal with the action containing supertwistor variables restricted by additional constraints similar to (5.12).
Conclusion and discussion
In this paper we have revisited the formalism of the 11D polarized scattering equations of [28] from the point of view of spinor frame approach different applications of which to the description of 11D and 10D amplitudes were searched for in [25, 26, 27] . In particular, we have addressed the problem of rigorous derivation of the equations for spinorial meromorphic function λ αq (σ) and its fermionic superpartner η q (σ) from the (spinor moving frame formulation) of 11D ambitwistor superstring [45] . We have shown that, to this end, the (gauge equivalent) formulation of ambitwistor superstring as dynamical system in an enlarged 11D superspace Σ (528|32) with additional tensor central charge coordinates is very useful. The polarized scattering equation can be written in two equivalent forms: as Eq. (3.19) for the spinor function on the Riemann sphere, and as Eq. (3.18) imposed on the scattering data. We have found the fermionic superpartner of the polarized scattering equation (3.18) . We call this spolarized scattering equation. It happens to be an equation imposed on the supergravity amplitude, Eq. (6.4), rather then on the scattering data.
We have also revised the 10D polarized scattering equation formalism and its 10D ambitwistor superstring origin with the use of spinor frame method. In this case a counterpart of hidden SO(16) symmetry of the 11D ambitwistor superstring does not appear, being replaced by SO(8) symmetry characteristic for the spinor frame formalism. However, similarly to 11D case, the treatment of the ambitwistor superstring as a dynamical system in 10D superspace enlarged by 126 directions parametrized by tensorial central charge coordinates is also useful to obtain the basic equations for the spinor functions.
An interesting direction for future study is to apply the spinor frame approach to the construction of 11D and 10D generalization of the 6D rational map and symplectic Grassmannians approach [71, 72, 73, 74] . Its relation to the 6D polarized scattering equation approach of [41] was discussed in very recent [74] .
The rational maps approach introduces a scattering map
instead of the ambitwistor superstring momentum function (3.2). Clearly P µ (σ) = P µ (σ) n j=1 (σ− σ j ) and the scattering equation can be also obtained from the light-likeness condition of the scattering map P µ (σ)P µ (σ) = 0 . (8.2)
Extrapolating the 6d results of [72, 74] one might expect that in 11D spacetime this can be solved in a manner similar to (3.8) , Of course, in distinction to 6d and 4d cases, the 11D equations (8.3) (and their 10D counterparts) impose strong constraints on ρ αq (σ) so that their consistency with (8.4) has to be checked. We leave this problem for future work and conclude here by observation that, if this consistency holds, the relation between coefficients of the rational maps and the helicity spinors, encoding the scattering data through (2.2) and (2.11) with (2.5), should be described by 9
with some SO(16) valued matrix functionS pq (σ),SS T = I 16×16 and ρ αp (σ i ) given in (8.4) .
Notice added.
When this paper have been finished and ready for sending to the arXive, the article [75] appear on the net. There another supertwistor formulation of ambitwistor superstring was considered, quantized in light cone gauge and compared with the light cone gauge description of the RNS type formulation of the ambitwistor superstring [42] . The light cone gauge scattering amplitudes have been also discussed in [75] . The supertwistor used in [75] were introduced in [76] in the context of massless superparticle models (see also [77] ). They consist of an unconstrained 16-component bosonic spinor λ α , canonically conjugate to it 16-component bosonic spinors w α , and fermionic 10-vector ψ µ . Thus, on one hand, the fermionic variables of this alternative supertwistor formulation of the ambitwistor string are RNS-like and, on the other hand, it uses essentially the representation of a light-like vector function as a bilinear of single unconstrained bosonic spinor, P µ (σ) = λ α (σ)σ µαβ λ β (σ). This is valid due to the specific identity for D=10 σ-matrices (having its counterparts also in D = 3, 4, 6) and, in distinction to our spinor moving frame related constrained supertwistor approach, do not allow for a straightforward generalization to 11D case. 9 To find this one notices that Eq. The different signs for v + and v − in (A.6) are also reflected in the following consequences of the above constraints: 
Contracting (B.2) with v − βqi and v − βq (σ i ) we find nilpotency conditions for the W qpi matrix,
It is not difficult to check that these nilpotency conditions are equivalent to the scattering equation ( C. Some properties of 10D spinor frame variables and helicity spinors 10D vector frame and spinor frame variabes are related by The above relations involve the spinor frame variables and also the elements of the inverse of the spinor moving frame matrix (7.2) the blocks of which obey (7.3).
